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SOME RELATIONS CONNECTING THE SUMS OF 
THE COAXIAL MINORS OF A CIRCULANT. 

By W. H. Metzler. 

In 1878 Dr. J. W. S. Glashier called attention* to the fact that 
the determinant of order n formed from subtracting x from the 
elements along the principal diagonal of a continuant has as 
factors : 
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and $ is an imaginary «th root of unity. 
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= - {X - (ai + 02 + 03 + 04 + 8 ) } {X 2 - (0 X + 020 + 3 ? 
+ 4 3 + 050*) (01 + 020 4 + 030* + 040 2 + 050) } 
X {X 2 - ( ffll + CUB 2 + 030* + 4 + S 3 )(01 + 026 3 
+ 030+040 4 +060 2 )}. 

* Quarterly Journal of Mathematics, Vol. XV, pp. -347-356. Cf . Muir r 
Messenger of Mathematics, New Series, No. 491, 1912. 
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COAXIAL MINORS OF A CIRCULANT. 9 1 

If we represent the imaginary factor of the circulant by a t , 
a 2 , a s , a 4 , the right-hand side may be written 

(x — s)(x 2 — ai-a 4 )(* 2 — ai-as) or (x — s)(x 2 — ai }i )(x 2 — 0:2,3), 
where 

Expanding both sides in terms of powers of x, we have in 
the general case 
for » = 2w, 

x 2m _ jffcr-IJ^ _|_ 3C 2'»-2S(il) *-2i4 U + A 

= x 2m - x 2m ^\s + s') + x 2m - 2 (s-s' - Sai, „_i) + • • • 
+ (- l)*- 1 * 2m ^ 2 *(5-5'Sai, n _i-a 2 , n _2 • • • a*_i,„_jb+i 

— 2ai,„_i«a2,n-2 • • • <Xk,n-k) 

+ (-l) h - 1 x 2 ^- 2 *- 1 (s+s')2a 1 , n - 1 - a2 , n -2- • •«*.„-*+ • • • 

+ (— l) m-1 5-5 / ai,»_i-a2,«-2 • * * Om-l,»-m+r, 

for n=2tn-\- 1, 

-x n + x^Zau - 3c"- 2 2(H) H x-2A n + A 

= - x n + x n -h + * n-2 Sai, „ - -. • • 
(B) + ( - i)«-V- 2 * • Sax, _! • 02, »_ 2 • • • a*. ^ 

+ (- i^-V-^-s-Sai.n-ra^,,,^ •••«*.„-* H 

+ (— l) m '5'ai,^_i-a2,»-2 • • • a m ,„- m ; 
Where Sou represents the sum of the elements along the prin- 
cipal diagonal of the circulant A, 5(!j;;i) , the sum of the coaxial 
minors of order k, and %A „ the sum of the coaxial minors of 
order n — i. 

Equating coefficients of like powers of x we have from (A) 

(s+ 5')s«i,^i • • • at-i.n-t+i = (- O^zGJ-JfcD, 

s-s'Sai, „_i • • • a*_i, „_*+!— Sai, „_i • • • a*, „_* = (— I J* -1 !! (ji z\$), 

(5 + 5')Sa llB _i •••«*.«-* = (- l)*S(S~Stl), 
that is, 

V /I2... 2*-l\ x</12... 2*+l\ 

( _ I)M ,.^?^!) _ ( _ i)*5^J^ = (- I)^Z«) 
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or 

, _ (f_+_g )2(ii" '. 2*) — S(i2";at+i) , v 

• S *' X — <n/12"...&t-l\ > V 1 ^ 

-&UI...U-1J 

a constant ratio for all values of k from i torn — I. 
When k = m, the ratio becomes 

San • A 
from B, 

Sai.^-x • • • «*.»-* = (- i) fc s(!I;::S), 
s-Sa!,^! • • • aktn - k - (- i) fc s(ii::: 2 2 ltl), 

That is 

^ ■"U2...2*; — ■"\12...2*+1-' 



or 
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In the case where n = 2m, we have 

s = T /i2...2*\ . it s = o , (ia) 

^U2...2W 

It is known* that when s = o all the primary minors of A are 
equal. It follows, therefore, that the unique primary minor 
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Similarly 



•y/12... 2*+l\ 
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If j + /=o, then 



— VIZ... 2* + !/ , . , „ 

* = V /i2...2*x when 5' = o. (ic) 

■^U2... 2W 



y/12...2*+l\ 
c2 _ ? /2 _ ±^«^?*±jJ / T « 

~~ * — Wl2... 2*-l"\ • (.Iflj 

■"V12...2*-!./ 

*Borchardt, "Ueber eine der Interpolation entsprechende Darstellung 
der Eliminations-Resultante," Crelle's Journal, lvii, pp. 111-121. Cf. 
Muir, Messenger of Mathematics, New Series, No. 536, Vol. XLV, De- 
cember, 1915. 
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If s = s' = o, then 

z(S:::Sti) = o. d«) 

From (16) we see that, when j=/ = o, the unique minor A x 
vanishes. In this case the determinantal equation contains only 
even powers of x and since all its roots are real it follows that 
the signs must be alternately positive and negative. That is, the 
signs of 5(}|), SOkJ) • • • must be alternately negative and positive. 

In the case of (id) we see that the sums of the coaxial minors 
of odd order have the same sign. 

In the case when n = 2m -fiwe have 

2(!!.-iKi)=o of s = o. (2a) 

Here again the signs of the sums of coaxial minors of even 
order must be alternately negative and positive. 

Syracuse University, 
Syracuse, N. Y. 



